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Abstract

Itis shown that a new class of classical multi-component super KdV equations
is bi-super Hamiltonian by extending the method for the verification of graded

Jacobi identity. The multi-component extension of super mKdV equations is

obtained by using the super Miura transformation.

PACS number: 02.36f

1. Introduction

Thetheories of infinite-dimensional super integrable systems have drawn a lot of attention in the
last two decades, for example, see [1, 2]. Research on the classical multi-componentintegrable
systems has also become quite active more recently [3—9]. In this work we construct an
extension of classical multi-component Korteweg de Vries (KdV) system to multi-component
super integrable systems by employing a bi-super Hamiltonian formalism. Such systems are
called super because they contain both bosonic and fermionic fields. However, there is no
supersymmetry transformation between the fields as known from the one-component super
KdV equations[10-12]. Onthe other hand, there also exist supersymmetric extensions of KdV
equation, namely, there exist supersymmetry transformations but these bi-super Hamiltonian
systems have a non-local nature [13-15].

We first introduce skew-symmetric super Hamiltonian operators. It is shown that they
satisfy the graded Jacobi identity by using the method of prolongation [12, 16]. The set
of multi-component super integrable partial differential equations is derived by introducing
associated super Hamiltonians. Furthermore, introducing super Miura transformation, a
multi-component super extension modified Korteweg de Vries (mKdV) system is obtained.
The paper is organized as follows. In section 2 we investigate the properties of super
Hamiltonian operators. It is shown that the second Hamiltonian operator satisfies the graded
Jacobi identity by means of constraint between the constant parameters of the system while
the first does trivially. In section 3 the multi-component super evolution equations are derived
from super Hamiltonians . In section 4 we obtain the multi-component super mKdV equations
by using multi-component super Miura transformation. It is observed that the new systems
are reduced to well known systems of one-component super evolution equations and in the
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vanishing fermionic fields limit we get the multi-componentand one componentcorresponding
KdV systems.

2. The super Hamiltonian operators and Jacobi identity

This section is devoted to the study of properties of super Hamiltonian operators. We first
consider a set of fields4 which contains both commuting and anti-commuting fields, such as

m:@ﬁ 1)

where uy(x,1) is assumed to be a commuting (bosonic) field whilgx, ) is an
anti-commuting (fermionic) field in 1+1 dimensions,= 1,2,...,m anda = 1,2, ..., n.
A Z, grading is introduced such that(¢) is equal to 0 if¢4 is commuting or 1 if it is
anti-commuting.

The evolution equation of a continuous dynamical Hamiltonian system is given by

SH
P = Z JAB&TB = Z JapEp(H) 2
B

B
whereEp is the Euler operator,

(0.¢] a
_ § : _ k
EB - kzo( ax) 8§¢B (3)

andJ is a certain differential operator aifflis a suitable functional. Functionals are defined
as modulo the integral of total derivative terms as

F= / Fl¢pa]dx 4)

where F[¢4] is the element of the algebra of functions xf the fields¢4(x) and their
derivatives. The operatdrdefines a Poisson bracket as

(F.G) = Y [UanEn(GEAF) dr. (5)
AB

Here the ordering of the arbitrary functiondisand G becomes important for the graded
systems. The fundamental Poisson bracket is

{pa(x), pp(x")} = Japd(x — x) (6)
that leads to the following expression for the evolution equation (2):

dipa = {¢a, H}. (7
J is called a Hamiltonian operator if the Poisson bracket is skew-symmetric as

{F, G} = —(~)?""7 G, F) ®

where the grading (F) is equal to 0 (1) if an arbitrary functionl is bosonic (fermionic)
and satisfies the Jacobi identity, which can be given as vanishing the prolongation of an
evolutionary vector field ;o associated with every Hamiltonidh, as follows [12, 16]:

per@(I) =0 (9)
wherel is the graded cosymplectic functional two-vector given as

1
I = E%/JAB@B A Og dx. (10)
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Here the se® 4 = {64, n,} forms a basis of bosonic and fermionic uni-vectors, dual to the
one-forms{u,, &,}, respectively. Note that

OuAOp=—(—)A ey A0, (11)

and® A O £ 0if © is fermionic.
We now introduce the super Hamiltonian operators

s = 0 12)
and

= ) 5
where

Jap = bapdy + 2Capyuy dx + Capyty x (14)

Jab = Kaba€adx + Labd&a x (15)

Jap = Mapa&ads + Nagaba,x (16)

Jab = NapdZ + Qapyuy (17)

whereu, , = d,u, and all coefficients apart from(x, r) and&(x, ) are constants. It is

easy to see that the operatljfg is a Hamiltonian operator because it is skew-symmetric and
Jacobi identity is trivially satisfied, there are no variable coefficients in its expression. On the
other hand, the second operallﬁ), which is skew-symmetric, containsand¢ dependent
coefficients. In order to show that it is a Hamiltonian operator, the graded Jacobi identity
should be satisfied. Equation (9) for the second operator becomes

1
per@(I)zifpl’vJ@ (Jﬁ;) ®p AB®4 dx =0. (18)

Here Einstein sum rule is employed and it will be used from now on. Equation (18) can be
written as

1
prujel) = > /[per@)(ja/s)@/s A Oy +Pprvye(jun)p N Oy

(19)
prv]@(jaﬂ)gﬁ A Na + Prvge(Jap)ne A 77a] dx =0.
On the other hand, in general,
) ) 0 )
pr”1®<JAB) =) 8 (JEF®F) PYCITIA (‘]AB)' (20)
E.F.k ( X¢E)
Herek = 0, 1. Furthermore,
@) Ky 9 @Y 4 aky 9 @)
rvjelJ = 0 O,)—— (J +0 —\J
p UJ()( AB) Xk:{ e (o p)a (8!511;) ( AB) x(])\ene)a (8!511;) ( AB)
. a 2 . 8 2
+ 0K (ap0,) ——— (J2) + 9% J2 21
x(]dp p)a(aféd) ( AB) x(]de’?e)a(a)]g%_d) ( AB) ( )
Introducing
Caﬁ)\ = CﬂaA
Qahk = Qhak (22)

Qahk K)Lcd = Qack K)J)d
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and using equation (21) in (18), we finally obtain

prusel) =:—2L /{Ca/sxb)\p(%,xn NOB N Oy —20p xx NOBxx NOy — 205 xx A OB x A Oy x)
+ CoprCopy (yOp x NO AN Oy +uy 0, NOg A0y
£, 0y AN Opy A O + 2y 30y AOpx AOa)
+ Mcgp(Laac * Mage — Naac)épna N 0,5 A Oy x
— Negp(Kaae — Laae + Naae)éb,xNa,x A Op A Oq
+[2Cupy Kyba — Mcpa(Kabe — Labe + Npae)léatip,x A Opx A Oy
+[2Cupy Lyba — Newaa (Mpge — Nipge + Lgpe)]&axnp A Op x A Oq
+[Aca(Kape ¥ Mpac) — 6Qparbialna,xx A Nb.x A O
+[Aca(Mpae — Nbae + Labe) — 22parbralNa,xxx A b A O
+ [2Q42.Crap + %Qcaﬂ(Nbac — ALape) — QevpMaac | ugna A np A O x
+ [QabrCrap — 3Recap(Noae — 2Labe) | Upxna A 1 A ba
+1Qpa[BLsad — Kiadléaxna A1y Ane}dx = 0. (23)

As can easily be seen, there is a trivial solution for equation (23) in which all constant
coefficients vanish. There exists a non-trivial solution

barCrpy = bg).Coray Cup.Coyp = Cayi.Cipp Kyab = Mayp

Kyap = 3L)Lab ZMaAb = 3Nakb ApcMyge = 3baﬂ9ahﬂ (24)

McabKﬂac = cﬂbKaac Caﬂy Kyab = KaacKﬂbc-
Thusjfg becomes a Hamilton operator with the set of equations (24). It describes the second
Poisson structure. For KdV equation one can easily show that the sum of two Hamilton
operators of bi-Hamiltonian structure is also a Hamilton operator because one of the Hamilton

operators { = d,) trivially satisfies Jacobi identity [16]. In our cas!élg + Jfg satisfies the
graded Jacobi identity with the condition

1
Qupg — Mapp — E(K/Sab + Lgap — Napp) =0 (25)

and using our solution (24), equation (25) becomes
Qapp + Nagp = 2K gap. (26)
Furthermore, we obtain
Qupp = 4Lgap- (27)
2)

Thus the Hamilton operatorsﬁ and Jf‘B constitute a super Hamiltonian pair. We can now
rewrite the second operator in termslof,, as

1(2) _ <baﬂ8§ + Cozﬂy (uyax + axuy) Labc(zécax + axéc))

= 28
AB Laﬁc(scax + 20:&.) Aaba)g + 4L qpuy, ( )

However, equations (24) and (25) provide information about algebra related to the evolution
equations. In section 3 we shall derive the corresponding evolution equations that are coupled
to the multi-component super KdV equations.
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3. The multi-component super KdV systems

Bi-Hamiltonian formalism suggests the existence of infinitely many conserved quafities
satisfying the recursion relation

> UG Es(H—) =Y J B Es(Hy) (29)
B B
wherek = 1,2, 3,.... These infinitely many conserved quantities provide an extension of

super KdV hierarchy to multi-component super KdV hierarchy. We now introduce the first
two conserved quantities to obtain the first member of evolution equations as

1
Ho = E /[_504‘5”(1”/3 + 5abéa%—b,x] dx (30)

1
Hi = 2 /[_baﬂ“a,x“ﬂ,x + Capyttaitpity — Napda xEpxx + 2K gapUa€abp ] dx. (31)

Then one can easily derive integrable super coupled integrable evolution equations, which
admit infinitely many conserved quantities due to the recursion relations (29), by using

dpa =Y JSpEg(H) =Y J 3 Ep(Ho). (32)
B B

In this way we get the new class of integrable multi-component super KdV equations by using
equations (24) and (26) as follows:

Ug,t = baﬁuﬁ,xxx + 3Caﬁy”ﬂ,x”y + Kaababb,xx (33)
%-a,t = Aapka + K)Lab(ébuk,x + 2”)»5}1,)6)- (34)

In the bosonic limit when the fermionic variables vanish, the system reduces to multi-
component KdV systems, known as degenerate Svinolupov system, in whjichs
non-diagonalizable [4,5]. Inthis case, one-componentlimitis the KdV equation. Furthermore,

if we choose the coefficients; = —1, A11 = —4, C111 = 2 andK111 = 3 satisfying the

constraint equations (24) and variablgs= « and&; = &, equations (33) and (34) become
Up = —Uxxy T Ouuy + 33}-%-)()( (35)
ét = _4€xxx + 614%_): + 3”)6%_ (36)

These are super KdV equations given in references [10, 11]. In other words, our equations
reduce to one of the known one-componentsuper KdV equations which consists of one bosonic
and one fermionic variables.

4. The multi-component super mKdV systems

In this section we first introduce a super extension of Miura transformation using the notation
of previous sections. The multi-component super Miura transformation is

1
Uy = Vgx T iCa/gyvlgvy + Kabe€hée (37)

1
&, = &ax T §Makhvkeb (38)

where v(x,t) and e(x, ) are new bosonic and fermionic variables, respectively. The
multi-component super mKdV equations can be obtained from the multi-component super
KdV equations by the multi-component super Miura transformations. This implies that
any solution of the multi-component super mKdV equations gives a solution of the multi-
component super KdV equations through the multi-component super Miura transformations.
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When we substitute the transformation (37) into equation (33), we get the multi-component
super mKdV equations

3 1
Vo, = —Vg,xxx T Ec(xﬂy CﬁApUAUpUy,x + éKﬁmnC(xﬂy (Zvy,xgmgn,x + Uygmgn,xx)
1
+ ZKamnSn,xgm,xx (39)
Ea,r = _45a,xxx - Kﬂab(vﬂ,xxgb + 2Uﬂ,x5h,x) + Kﬂahcﬂkp(vkvpgb,x + Uk,xvpgh) (40)

by employing the constraints (24) on the coefficients. Asin the case of multi-componentsuper
KdV equations, equations (39) and (40) reduce to

3 3

Uy = Oy 203 — Upy * —EE8¢x + =VEE, (42)
4 2

&r = —4exyx + (6VVy — 3uxy)e +6 (Uz - vx) Ex (42)

in the one-component limit by taking the coefficient€as; = 2, K111 = 3 and the variables
asvi1 = vande1 = ¢. Thisisthe super extension of the mKdV equation given by Kuperschmidt
[10].

5. Conclusions

In this work we have found a new class of integrable multi-component super KdV equations.
Itis shown that they are bi-super Hamiltonian. The graded Jacobi identity associated with the
Poisson structure defined by super Hamiltonian operators is satisfied by imposing constraints
(24) on the coefficients introduced in the super Hamiltonian operators. These constraints
could be important to describe the structure associated with our evolution equations. It is
natural to expect that such relations would also imply the existence of generalized symmetries.
Furthermore, by introducing a super Miura transformation a super extension of multi-
component mKdV equations is obtained. This system also possesses the structure described
by the constraints (24). We have shown that our equations are reduced to the well known
one-component super equations and multi-component and one-component bosonic equations.
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